In this paper, we prove the Bott vanishing theorem, the degeneration of the Hodge to de Rham spectral sequence and the Kawamata-Viehweg vanishing theorem for log pairs on toric varieties. These results generalize those results of Danilov, Buch-Thomsen-Lauritzen-Mehta, Mustaţǎ and Fujino to the case where concerned Weil divisors are not necessarily torus invariant.
Introduction
Throughout this paper, we always work over F , which is either a field K of characteristic zero or a perfect field k of characteristic p > 0. The main purpose of this paper is to develop various vanishing theorems on toric varieties, which generalize those results of Danilov [Da78] , Buch-Thomsen-Lauritzen-Mehta [BTLM97] , Mustaţǎ [Mu02] and Fujino [Fu07] to the case where concerned Weil divisors are not necessarily torus invariant.
See Definition 2.2 for the definition of Ω • X (log D), the Zariski-de Rham complex of X with logarithmic poles along D. The following are the main theorems in this paper. Theorem 1.1 (Bott vanishing). Let X be a projective toric variety over F , D a reduced Weil divisor on X, and L an ample invertible sheaf on X. Then for any j > 0 and any i ≥ 0,
Theorem 1.2 (Degeneration of Hodge to de Rham spectral sequence). Let X be a proper toric variety over F , and D a reduced Weil divisor on X. Then the Hodge to de Rham spectral sequence degenerates at E 1 :
Theorem 1.3 (Kawamata-Viehweg vanishing). Let X be a projective toric variety over F , and H a nef and big Q-divisor on X. Then for any i > 0,
In fact, the positive characteristic part of Theorems 1.1 and 1.2, and the simplicial case of Theorem 1.3 have already been proved in [Xie14] , thus we have only to prove the characteristic zero part of the main theorems in this paper. The main technique is the so-called reduction modulo p method, which is a standard technique in algebraic geometry, and has been used to prove certain statements formulated over a base field of characteristic zero, from analogous statements over a field of positive characteristic. It is worthy to be mentioned that Deligne and Illusie [DI87] have used the decomposition of de Rham complex and the reduction modulo p method to give a purely algebraic proof of the Kodaira vanishing theorem and the degeneration of Hodge to de Rham spectral sequence; Mori [Mo82] has used the bend and break method and the reduction modulo p method to prove the existence of rational curves and the cone theorem, which initiated the minimal model program for higher dimensional complex algebraic varieties.
In §2, we will recall some definitions and preliminary results. In §3, we will give the reduction modulo p argument for toric varieties. §4 is devoted to the proofs of the main theorems. For the necessary notions and results in toric geometry, we refer the reader to [Da78] , [Od88] , [Fu93] and [CLH11] . 
Preliminaries
First of all, we recall some definitions and notations for toric varieties from [Fu93] . Let N be a lattice of rank n, and M the dual lattice of N . Let ∆ be a fan consisting of strongly convex rational polyhedral cones in N R , and let A be a ring. In general, we denote the toric variety associated to the fan ∆ over the ground ring A by X(∆, A). More precisely, to each cone σ in ∆, there is an associated affine toric variety U (σ,A) = Spec A[σ ∨ ∩ M ], and these U (σ,A) can be glued together to form the toric variety X(∆, A) over Spec A.
Let X be a normal variety over F , and D a reduced Weil divisor on X. Then there exists an open subset U of X such that codim X (X − U ) ≥ 2, U is smooth over F , and D| U is simple normal crossing on U . Such an U is called a required open subset for the log pair (X, D).
Example 2.1. (i) Let X be a smooth variety over F , and D a simple normal crossing divisor on X. Then we can take the largest required open subset U = X.
(ii) Let X = X(∆, F ) be a toric variety, and D a torus invariant reduced Weil divisor on X. Take U to be X(∆ 1 , F ), where ∆ 1 is the fan consisting of all 1-dimensional cones in ∆. Then it is easy to show that U is an open subset of X with codim X (X − U ) ≥ 2, U is smooth over F , and D| U is simple normal crossing on U . Hence U is a required open subset for (X, D).
Definition 2.2. Let X be a normal variety over F , and D a reduced Weil divisor on X. Take a required open subset U for (X, D), and denote ι : U ֒→ X to be the open immersion. For any i ≥ 0, define the Zariski sheaf of differential i-forms of X with logarithmic poles along D by Definition 2.3. Let f : X → S be a separated morphism of varieties over F . Assume that U is an open subset of X and D is a reduced Weil divisor on X such that codim X /S (X −U ) ≥ 2, U is smooth over S, and D| U is relatively simple normal crossing over S. Denote ι : U ֒→ X to be the open immersion, and for any i ≥ 0, define the Zariski sheaf of relative differentials of X over S by
Lemma 2.4. With notation and assumptions as above, let g : T → S be a morphism of varieties over F , Y = X × S T , V = U × S T , and D ′ = D × S T with the induced cartesian diagrams:
Then for any
Proof. Consider the left cartesian diagram. By a direct verification, we can show that
Proposition 2.5. With notation and assumptions as in Lemma 2.4, assume further that f : X → S is proper and S is an affine variety.
There exists a nonempty open subset Z of S such that, for any (i, j) and for any n, the restrictions of these sheaves to Z are locally free of finite rank.
(ii) For any i ∈ Z and for any morphism g : T → S, consider the following cartesian diagram:
Then the base change maps are isomorphisms in D(T ):
(iii) Fix i ∈ Z and assume that for any j, the sheaf R j f * Ω i X /S (log D) is locally free over S of constant rank h ij . Then for any j, the base change map deduced from (1) is an isomorphism:
is locally free of rank h ij . (iv) Assume that for any n, the sheaf R n f * Ω • X /S (log D) is locally free over S of constant rank h n . Then for any n, the base change map deduced from (2) is an isomorphism: 
X /S by the relative Hodge to de Rham spectral sequence. For the second assertion of (i), denote by A the integral noetherian ring of S, K its field of fractions, which is the localization of S at its generic point η. Set for brevity
The fiber of G ij (resp. G n ) at η is free of finite rank (i.e. a K-vector space of finite dimension), and is the direct limit of
) is free of finite rank.
( 
, whereČ(W, ·) denotes theČech complex of sheaves. By Lemma 2.4, we have a canonical isomorphism of complexes:
Since the complex f * Č (W, Ω i X /S (log D)) is bounded and with flat components, this isomorphism realizes the isomorphism (1).
, wherě C(W, ·) denotes the associated total complex of theČech bicomplex, and we have a canonical isomorphism of complexes:
which realizes the isomorphism (2). The conclusions of (iii) and (iv) follows from (ii) and the following lemma, which is an easy exercise in homological algebra. Lemma 2.6. Let A be a noetherian ring and E • a bounded complex of finitely generated projective A-modules such that H i (E • ) are finitely generated projective A-modules for all i. Then for any A-algebra B and for any i, the canonical homomorphism
In order to prove Theorem 1.3 in the positive characteristic case, we need the following relative vanishing result on toric varieties.
Lemma 2.7. Let X be a projective simplicial toric variety over a perfect field k of characteristic p > 0, Y a normal projective variety over k, and f : X → Y a surjective morphism. Let H be a nef and big Q-divisor on X. Then for any j > 0,
Proof. Take an ample divisor L on Y and a positive integer m such that
is generated by its global sections and
holds for any i > 0 and any j ≥ 0. Consider the following Leray spectral sequence: Let X = X(∆, k). Take π : X ′ → X be an equivariant birational morphism of toric varieties, where X ′ = X(∆ ′ , k), and ∆ ′ is a subdivision of ∆ by adding some faces of dimension at least two such that each cone in ∆ ′ is simplicial. Thus X ′ is simplicial and π : X ′ → X is isomorphic in codimension one.
Let H ′ = π * H. Then H ′ is also a nef and big Q-divisor on X ′ . Since π :
Consider the following Leray spectral sequence:
Since E ij 2 = 0 for any j > 0 by Lemma 2.7, we have
The following is a weak version of the relative Kawamata-Viehweg vanishing on toric varieties in positive characteristic.
Corollary 2.8. Let X be a projective toric variety over a perfect field k of characteristic p > 0, Y a normal projective variety over k, and f : X → Y a surjective morphism. Let H be a nef and big Q-divisor on X. Then for any j > 0,
Proof. It follows from the positive characteristic part of Theorem 1.3 and a similar argument to that of Lemma 2.7.
Reduction modulo p argument for toric varieties
Almost all of the arguments in this section, except Theorem 3.6, come from [Il96, §6]. Let {(A i ) i∈I , u ij : A i → A j (i ≤ j)} be a filtered direct system of rings with direct limit A, and denote by u i : A i → A the canonical homomorphism. The two most important examples are: (i) a ring A written as a direct limit of its sub-Z-algebras of finite type; (ii) the localization A P of a ring A at a prime ideal P written as a direct limit of localizations
} be a direct system of A i -modules (resp. A ialgebras) with direct limit E, where v ij is an A i -linear homomorphism of E i into E j considered as an A i -module (resp. A i -algebra) via u ij . We say that (E i ) i∈I is cartesian if, for any i ≤ j, the natural A j -linear homomorphism induced by v ij
is an isomorphism of A j -modules (resp. A j -algebras). In this case, for any i, the natural homomorphism v i :
Let {(F i ) i∈I , w ij : F i → F j (i ≤ j)} be another direct system of A i -modules (resp. A i -algebras) with direct limit F . If (E i ) is cartesian, then the Hom A i (E i , F i ) form a direct system of A i -modules: the transition map for i ≤ j associated to f i : E i → F i is the homomorphism E j → F j which is the following composition:
where ψ ij is induced by w ij . Analogously, we have maps from Hom A i (E i , F i ) to Hom A (E, F ), sending f i : E i → F i to the homomorphism E → F which is the following composition:
where ψ i is induced by w i : F i → F . Thus we have a natural map:
Recall that a module (resp. an algebra) is said to be finitely presented if it is the cokernel of a homomorphism between free modules of finite rank (resp. free algebras of finite type). The next lemma shows that hypotheses of finite presentation guarantee that the direct system (E i ) is cartesian and the map (5) is isomorphic from certain index i 0 ∈ I.
Lemma 3.1. Let (A i ) i∈I be a filtered direct system of rings with direct limit A.
(i) If E is a finitely presented A-module (resp. A-algebra), then there exists i 0 ∈ I and an A i 0 -module (resp. A i 0 -algebra) E i 0 of finite presentation such that u * i 0
(ii) Let (E i ) and (F i ) be two direct systems, cartesian for i ≥ i 0 , with direct limits E and F respectively. If E i 0 is finitely presented, then the map (5) is bijective.
Remark 3.2. It follows from Lemma 3.1 that if E is finitely presented, E i 0 from which E arises by extension of scalars is essentially unique, in the sense that if E i 1 is another choice (both E i 0 and E i 1 are of finite presentation), then there exists i 2 with i 2 ≥ i 0 and i 2 ≥ i 1 such that E i 0 and E i 1 become isomorphic by extension of scalars to A i 2 .
The S i = Spec A i 's form an inverse system of affine schemes whose inverse limit is S = Spec A. Let {(X i ) i∈I , v ij : X j → X i } be an inverse system of S i -schemes. We say that this system is cartesian for i ≥ i 0 if, for any i 0 ≤ i ≤ j, the transition morphism v ij gives a cartesian square:
In this case, the S-scheme X deduced from X i 0 by extension of scalars to S is the inverse limit of (X i ) i∈I . If (Y i ) i∈I is another inverse system of S i -schemes, cartesian for i ≥ i 0 , with inverse limit
s form a direct system, and we have a natural map analogous to (5):
Recall that a morphism of schemes f : X → Y is said to be locally of finite presentation if, there exists a covering of Y by open affine subsets V i = Spec B i , such that for each i, f −1 (V i ) can be covered by open affine subsets U ij = Spec A ij , where each A ij is a finitely presented B i -algebra. If Y is locally noetherian, then "locally of finite presentation" is equivalent to "locally of finite type". Furthermore, f : X → Y is said to be of finite presentation if, it is locally of finite presentation, quasi-compact and quasi-separated. If Y is noetherian, then "f is of finite presentation" is equivalent to "f is of finite type". Proposition 3.3. Let (S i ) i∈I be a filtered inverse system of affine schemes with inverse limit S.
(i) If X is an S-scheme of finite presentation, then there exists i 0 ∈ I and an S i 0 -scheme X i 0 of finite presentation from which X is deduced by base change.
(ii) If (X i ) i∈I and (Y i ) i∈I are two inverse systems of S i -schemes, cartesian for i ≥ i 0 , and if X i 0 and Y i 0 are finitely presented over S i 0 , then the map (6) is bijective.
Proof. It is reduced to Lemma 3.1.
Remark 3.4. It follows from Proposition 3.3 that if X is finitely presented over S, X i 0 from which X arises by base change is essentially unique, in the sense that if X i 1 is another choice (both X i 0 and X i 1 are of finite presentation), then there exists i 2 with i 2 ≥ i 0 and i 2 ≥ i 1 such that X i 0 and X i 1 become isomorphic by base change to S i 2 .
Proposition 3.5. Let (S i ) i∈I be a filtered inverse system of affine schemes with inverse limit S, and X an S-scheme of finite presentation. As in Proposition 3.3(i), take an i 0 ∈ I, an S i 0 -scheme X i 0 of finite presentation, and the induced cartesian inverse system (X i ) with X i = S i × S i 0 X i 0 for i ≥ i 0 .
(i) If E is a finitely presented O X -module, then there exists an i 1 ≥ i 0 and an O X i 1 -module E i 1 of finite presentation from which E is deduced by extension of scalars.
(ii) If E is locally free (resp. locally free of rank r), then there exists an i 2 ≥ i 1 such that
E i 1 is locally free (resp. locally free of rank r). (iii) If X is projective over S and E is an ample (resp. a very ample) invertible O X -module, then there exists an i 2 ≥ i 1 such that X i 2 is projective over S i 2 and E i 2 is ample (resp. very ample).
(iv) Let E i 0 and F i 0 be finitely presented O X i 0 -modules, and consider the cartesian direct systems (E i ) and (F i ) which are deduced by extension of scalars over the X i 's for i ≥ i 0 , as well as the O X -modules E and F which are deduced by extension of scalars over X. Then there is a natural map:
which is bijective.
Proof. The proofs of (i), (ii) and (iv) are reduced to Lemma 3.1. For (iii), it suffices to treat the case where E is very ample, i.e. there is a closed immersion h :
By the bijectivity of (6) and (ii), for i sufficiently large, we can reduce h to an S i -morphism h i :
and E to an invertible module E i over X i . By the bijectivity of (6) again, up to increasing i, we can obtain that h i is a closed immersion. By the bijectivity of (7), up to increasing i, we can obtain that the isomorphism h Proof. Write K as a direct limit of the family (A i ) i∈I of its sub-Z-algebras of finite type. Assume that X = X(∆, K) is associated to the fan ∆. Then the properness of X is equivalent to the completeness of ∆. Let X i = X(∆, A i ). It is easy to see that (X i ) i∈I is a family of proper toric varieties over Spec A i from which X is deduced by base change. By Proposition 3.3, we could obtain other choices of X i which may not be toric, however Remark 3.4 shows that any choice of X i is essentially unique, i.e. X i must be toric for i sufficiently large.
The effective divisor D is a closed subscheme of X, which corresponds to a surjective homomorphism O X → O D . By the bijectivity of (7), up to increasing i, we can reduce
The reduction of the ample invertible sheaf L to L follows from Proposition 3.5(iii). For the reduction of the ample Q-divisor H, it suffices to treat the case that H is a very ample divisor. Let D be an effective divisor and f be a rational function on X such that H = D + div 0 (f ). Take a sufficiently large i such that A i contains all coefficients appearing in the rational function f . Then up to increasing i, we can reduce D to an effective divisor D on X i and take H = D + div 0 (f ).
We also need the following result on density of closed points. 
Proofs of the main theorems
Finally, let us prove the characteristic zero part of the main theorems.
Proof of Theorem 1.1. Assume that X = X(∆, K) is associated to the fan ∆. By Theorem 3.6, there exists a sub-Z-algebra A of finite type of K, a proper toric variety X = X(∆, A) over S = Spec A, a reduced Weil divisor D, and an ample invertible sheaf L on X such that (X, D, L) are deduced from (X , D, L) by the base change ι : η ֒→ S, where η = Spec K is the generic point of S. Let U = X(∆ 1 , A), where ∆ 1 is the fan consisting of all 1-dimensional cones in ∆. Then codim X /S (X − U ) ≥ 2, and U is smooth over S. Shrinking U if necessary, we can further assume that D| U is relatively simple normal crossing over S. Hence by Definition 2.3, we obtain the Zariski sheaves Ω i X /S (log D). Let f : X → S be the structure morphism. For any i ≥ 0, consider the sheaf
is an upper semicontinuity function on S. In particular, the set {s ∈ S | h j (s, F) < 1} is an open subset of S. By Proposition 3.7, we can take a closed point x ∈ S with the residue field k(x) being a finite field, which is perfect of positive characteristic, such that X x = X(∆, k(x)) is a toric variety over k(x). By the positive characteristic part of Theorem 1.1, we have H j (X x , F x ) = 0 for any j > 0, which implies that the above set is nonempty, hence is a nonempty open subset of S for any j > 0. Thus the generic point η = Spec K belongs to this set. As a consequence,
It suffices to prove that for any n, we have
Assume that X = X(∆, K) is associated to the fan ∆. By Theorem 3.6, there exists a sub-Z-algebra A of finite type of K, a proper toric variety X = X(∆, A) over S = Spec A, and a reduced Weil divisor D on X such that (X, D) are deduced from (X , D) by the base change ι : η ֒→ S, where η = Spec K is the generic point of S. By Proposition 2.5(i), up to replacing A by A[t −1 ] for a suitable nonzero t ∈ A, we may assume that the sheaves R j f * Ω i X /S (log D) and R n f * Ω • X /S (log D) are free of constant rank, which is necessarily equal to h ij and h n by Proposition 2.5(iii) and (iv).
By Proposition 3.7, we can take a closed point x ∈ S with the residue field k(x) being a finite field, which is perfect of positive characteristic, such that X x = X(∆, k(x)) is a toric variety over k(x). By the positive characteristic part of Theorem 1.2, we have for any n,
By Proposition 2.5(iii) and (iv) again, we have for any i, j and for any n,
Therefore h n = i+j=n h ij for any n, which implies the conclusion.
Proof of Theorem 1.3. By Kodaira's Lemma, we can take an effective Q-divisor B with sufficiently small coefficients such that H −B is ample and H −B = H . Therefore, we may from the beginning assume that H is an ample Q-divisor on X.
Assume that X = X(∆, K) is associated to the fan ∆. By Theorem 3.6, there exists a sub-Z-algebra A of finite type of K, a proper toric variety X = X(∆, A) over S = Spec A, and an ample Q-divisor H on X such that (X, H) are deduced from (X , H) by the base change ι : η ֒→ S, where η = Spec K is the generic point of S.
Let f : X → S be the structure morphism. Consider the sheaf F = Ω n X /S ⊗ O X ( H ) on X . By the semicontinuity theorem [Ha77, Theorem III.12.8], the function h j (s, F) = dim k(s) H j (X s , F s ) is an upper semicontinuity function on S. In particular, the set {s ∈ S | h j (s, F) < 1} is an open subset of S. By Proposition 3.7, we can take a closed point x ∈ S with the residue field k(x) being a finite field, which is perfect of positive characteristic, such that X x = X(∆, k(x)) is a toric variety over k(x). By the positive characteristic part of Theorem 1.3, we have H j (X x , F x ) = 0 for any j > 0, which implies that the above set is nonempty, hence is a nonempty open subset of S for any j > 0. Thus the generic point η = Spec K belongs to this set. As a consequence, H j (X η , F η ) = H j (X, K X + H ) = 0 holds for any j > 0.
